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Introduction

A deep connection exists between Brownian motion and the so called
Pascal–Tartaglia triangle. So, it is a natural question to ask what is a
quantum Pascal–Tartaglia triangle? (Farina, Frasca, Sedehi, SIViP 8,
27-37,2014)

The answer to this question hinges on a deep problem not answered
yet: Is there a connection between quantum mechanics and stochastic
processes?

An answer to this question could pave the way to a better
understanding of the role of space-time at a quantum gravity level.

I will show that a new set of stochastic processes can be devised that
can elucidate such a connection.

We show their existence and we will show how spin is needed also in
the non-relativistic limit.
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How to take the power of a stochastic process

We consider an ordinary Wiener W process describing a Brownian
motion and define the α-th power of it through Euler–Maruyama
integration technique of a stochastic differential equations SDE (M.
Frasca, A. Farina, arxiv:1403.1075).
We will have the process (α ∈ R

+) and its definition

Fractional power stochastic processes

dX=(dW )α

Euler–Maruyama definition

Xi=Xi−1+(Wi−Wi−1)
α.

We take the power and then a (cumulative) sum as done in
simulating a Wiener process with α = 1.
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Numerical test

We consider the square root process with α = 1/2 as it is the one of
interest for quantum mechanics.

In this case the Wiener process has 2 components: one real and
another imaginary. We just compare with the square of the square
root process and obtain the following figure
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The results are perfectly identical and our definition just works.
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Square root formula

Using Itō calculus to express the square root process with more
elementary stochastic processes, (dW )2=dt, dW ·dt=0, (dt)2=0 and
(dW )α=0 for α>2, we obtain the formula

Square root formula

dX=(dW )
1
2=

(

µ0+
1

2µ0
|dW |− 1

8µ3
0

dt

)

·Φ 1
2

being µ0 6=0 an arbitrary scale factor and Φ 1
2
= 1−i

2
sgn(dW )+ 1+i

2
a Bernoulli

process equivalent to a coin tossing.
One has sgn(dW )={sgn(W0),sgn(W1),sgn(W2),...} and |dW |={|W0|,|W1|,|W2|,...}

so that |dW | sgn(dW )={|W0|·sgn(W0),|W1|·sgn(W1),|W2|·sgn(W2),...}=dW .
Finally, it is immediate to check that dX 2=µ20 sgn(dW )+dW and we have
to remove the sign process to recover the original one. We will see
how the “Dirac’s trick” with a Clifford algebra could remove this
unwanted additive process.
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Schrödinger equation

Let us consider the more general square root process that forces
µ0=1/2

Square root process

dX (t)=[dW (t)+βdt]
1
2=[ 12+|dW (t)|+(−1+β sgn(dW (t)))dt]Φ 1

2
(t)

From the Bernoulli process Φ 1
2
(t) we can derive

µ=− 1+i

2
+β 1−i

2
σ2=2D=− i

2
.

Then, we get a Fokker–Planck equation for a free particle

Schrödinger equation

∂ψ̂
∂t

=(− 1+i

4
+β 1−i

2 ) ∂ψ̂∂X − i

4
∂2ψ̂

∂X2 .

This is so because we have a complex stochastic process and so 2 Fokker–Planck equations instead.
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Is it quantum mechanics?

If really the square root process diffuses as a solution of the
Schrödinger equation we should be able to recover the corresponding
solution ψ̂=(4πit)−

1
2 exp (ix2/4t).

To see this, we note that a Wick rotation, t→−it, turns this into a
heat kernel K=(4πt)−

1
2 exp (−x2/4t).

A Montecarlo simulation can be immediately executed extracting the
square root of a Brownian motion and, after a Wick rotation, to show
that a heat kernel is obtained.

We generated 10000 paths of Brownian motion and extracted their
square root in the way devised above. We get the corresponding
distribution after Wick rotating the results for the square root. The
Wick rotation generates real results as it should be expected and a
comparison can be performed.
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Is it quantum mechanics?

The result is the following
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with µ̂ = 0.007347+0.005916
+0.008778 and σ̂ = 0.730221+0.729210

+0.731234 for the heat kernel

and µ̂ = 0.000178−0.002833
+0.003189 and σ̂ = 1.536228+1.534102

+1.538360. Both are centered
around 0 and there is a factor ∼ 2 between standard deviations.

We are doing quantum mechanics!
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Particle in a potential

G. A. Pavliotis, Lectures on applied stochastic processes (Imperial College,
London, January 16, 2011) p. 177.

Mapping Fokker-Planck and Schrödinger equations

The Fokker–Planck operator for a gradient flow can be written in the
self-adjoint form

∂ψ̂

∂t
= D∇ ·

(

e−
U

D ∇
(

e
U

D ψ̂
))

.

Define now ψ(x , t) = e
U

2D ψ̂(x , t). Then ψ solves the PDE

∂ψ

∂t
= D∆2ψ − V (x)ψ, V (x) :=

|∇U|2

4D
−

∆2U

2
.

Also H. Risken, The Fokker-Planck equation – Methods of Solution and

Applications, (Springer, 1984), p. 142.
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Particle in a potential

On the basis of the given theorem, we can immediately generalize our
formulation to the case of a potential. We will have

Square root process with a potential

dX (t)=[dW (t)+U(X ,t)dt]
1
2={ 1

2
+|dW |+(−1+U(X ,t) sgn(dW (t)))dt}Φ 1

2
(t).

This holds always modulo a sign process.

The corresponding Fokker-Planck equation will be

Fokker-Planck equation with a potential

∂ψ̂
∂t

= ∂
∂X [(−

1+i

4
+ 1−i

4
U(X ,t))ψ̂]− i

4
∂2ψ̂

∂X2 .
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Harmonic oscillator

As an example we consider a harmonic oscillator with U(X )=kX 2/2

Harmonic oscillator stochastic process

dX (t)=[dW (t)+ k

2
X 2dt]

1
2={ 1

2
+|dW |+(−1+ k

2
X 2 sgn(dW (t)))dt}Φ 1

2
(t).

Here k is an arbitrary constant and the quantum potential is
V (X )=|k|2X 2− k

2
using the mapping between the Fokker-Planck and the

Schrödinger equations.

The corresponding Schrödinger equation will be

Schrödinger equation

−i
∂ψ∗

∂t
=− 1

4
∂2ψ∗

∂X2 +(|k|2X 2− k

2 )ψ
∗

with the introduction of ψ∗ due to time-reversed quantum evolution.
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The problem

If we take the square of our square root formula one has

dX 2=

[(

µ0+
1

2µ0
|dW |− 1

8µ3
0

dt

)

·Φ 1
2

]2

=µ20 sgn(dW )+dW

and we are left with the original Wiener process plus a sign process
added that must be removed at the end of computation.

We have to devise a way to remove it from the start.

To this end we adopt the Dirac’s trick by using a Clifford algebra.

The simplest and non-trivial one is obtained by Pauli matrices
{σk∈Cℓ3(C), k=1,2,3} as

σ2
i
=I σiσk=−σkσi i 6=k.

This proves to be insufficient to go to dimensions greater than 1+1
for Brownian motion.
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The solution

The solution is provided by a Dirac algebra of γ matrices
{γk∈Cℓ1,3(C), k=0,1,2,3} such that

γ20=I γ21=γ
2
2=γ

2
3=−I γiγk+γkγi=2ηik .

being ηik the Minkowski metric.

In this way one can introduce 3 different Brownian motions for each
spatial coordinates and 3 different Bernoulli processes for each of
them.

The definition is

Square root of Brownian motion and Dirac algebra

dE=
∑3

k=1 iγk

(

µk+
1

2µk
|dWk |−

1

8µ3
k

dt

)

·Φ
(k)
1
2

+
∑3

k=1 iγ0γkµkΦ
(k)
1
2
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The solution

It is now easy to check that

(dE)2=I ·(dW1+dW2+dW3).

The Fokker-Planck equations have a solution with 4 components,
being Dirac spinors.

The possible introduction of a fictitious time (stochastic
quantization) could yield Dirac equation for a free particle.

Here we have

Fokker-Planck equation and Dirac algebra

∂Ψ̂
∂t

=
∑3

k=1
∂
∂Xk

(µk Ψ̂)− i

4
∆2Ψ̂

being µk=− 1+i

4
+βk

1−i

2
.
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Dirac equation

For the Dirac equation one has to introduce the γ5 matrix as follows

Stochastic process for Dirac equation

dE=
∑3

k=0 iγk

(

µk+
1

2µk
|dWk |−

1

8µ3
k

dt

)

·Φ
(k)
1
2

+
∑3

k=0 iγ5γkµkΦ
(k)
1
2

.

Now one has a fictitious time variable τ and the eigenstate with zero
eigenvalue reproduces the Klein-Gordon equation for a free massless
particle with a Dirac spinor.

Fokker-Planck equation and Dirac equation

∂Ψ̂
∂τ

=∂·(µΨ̂)− i

4
∂2Ψ̂.
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Conclusions

We have shown the existence of a class of stochastic processes that
can support quantum behavior.

A typical one is the square root of a Brownian motion from which the
Schrödinger equation comes out naturally.

The case with a potential was also discussed and applied to the
harmonic oscillator.

Finally, we have derived the Dirac equation while spin and antimatter
are naturally introduced by a stochastic behavior.

This formalism could entail a new understanding of quantum
mechanics and give serious hints on the properties of space-time for
quantum gravity.
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